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1. Introduction 

As many know, on July 8, 2007 Kris Galicki met with a tragic accident while 
hiking in the Swiss Alps. He was flown back home to Albuquerque, New Mexico, 
USA, where he remained in a coma until his death on September 24, 2007. Kris' 
last conference talk was an invited talk at the conference to which these proceedings 
are dedicated. I have been asked by the editors, Rosanna Marinosci and Domenico 
Perrone, to provide a paper to the proceedings in Kris' honor. I am honored to 

During the preparation of this work the author was partially supported by NSF grant DMS- 
0504367. 
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accept this invitation, but I turn to it with a deep sense of remorse over the loss 
of a dear friend and colleague. Kris and I had a wonderful and mutually satisfying 
working relationship, because we very much enjoyed exchanging ideas and insights, 
and developing the mathematics that follows. Our most recent completed project 
is our book, Sasakian Geometry |BG08j . and it saddens me immensely that Kris 
will never see the finished product. 

The paper is organized as follows: In Section [2] I give a brief review of Sasakian 
geometry emphasizing its relation with various other structures, such as contact 
structures, CR structures, foliations with transverse Kahler structures, and conical 
structures. By in large this material was taken from our book |BG08j . although I 
do give a different focus on certain things. Chapter 3 is devoted to studying the 
influence of isolated conical singularities on Sasakian geometry. This method has 
proved to be particularly productive in the special case of isolated hypersurface 
singularities arising from weighted homogeneous polynomials. 

In Section 4 I describe Sasakian geometry in low dimensions. Of particular inter- 
est is dimension 5, where Kris and I in collaboration with others have given many 
examples of Sasaki-Einstein metrics emphasizing the impact of Sasakian geometry 
on the understanding of Einstein manifolds. Worthy of special mention is the foun- 
dational work of Kollar on 5-dimcnsional Seifert structures and their relation to 
Sasakian structures. I also take this opportunity to present some new results in- 
volving Sasaki-Einstein metrics in dimension 7 which arose out of email exchanges 
between Kris and myself in June 2007. 

Finally, in Section 5, 1 present mainly the work of others, namely, that of Martclli, 
Sparks, and Yau, and Futaki, Ono, and Wang regarding toric Sasaki-Einstein struc- 
tures. Kris was very interested in the very important recent result of Futaki, Ono, 
and Wang which proves the existence of a Sasaki-Einstein metric within the Sasaki 
cone of any toric contact manifold of Sasaki type with vanishing first Chern class 
ci(D) of the contact bundle. We had planned to give a classification of such struc- 
tures. 

Acknowledgments . / would like to thank E. Lerman for discussions involving 
holomorphic and symplectic fillability, and P. Massot for emails that pointed out 
some inaccuracies in my presentation of 3-manifold contact topology in earlier ver- 
sions of this paper, and also gave me to some important references. Of course, 
any errors or omissions are mine and mine alone. I would also like to thank Evan 
Thomas for the computer programs that he provided for both Kris and me. 

2. A Review of Sasakian geometry 

I begin with a brief description of Sasakian geometry. A detailed discussion of 
both Sasakian and contact geometry can be found in |BG08j . A Sasakian structure 
incorporates several well-known geometries, contact geometry with a chosen contact 
1-form r], CR geometry with a strictly pseudoconvex Levi form, and a 1-dimcnsional 
foliation with a transverse Kahler structure. 

2.1. Almost Contact and Contact Structures. A triple (£,77,$) defines an 
almost contact structure on M if £ is a nowhere vanishing vector field, rj is a one 
form, and $ is a tensor of type (1,1), such that 

(1) '7(0 = 1, $ 2 = -]l + C®?7- 
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The vector field £ defines the characteristic foliation 3^ with one-dimensional leaves, 
and the kernel of r] defines the codimension one sub-bundle D = ker 77. We have 
the canonical splitting 

(2) TM = D © L 4 , 

where is the trivial line bundle generated by £. If the 1-form satisfies 

(3) V A(d V ) n ^0, 

then the subbundle D defines a contact structure on M. In this case the vector field £ 
is called the i?eefe vector field. For every choice of 1-form 77 in the underlying contact 
structure CD, this vector field is unique. If 77 defines a contact structure, then the 
triple (£, 77, $) is said to be a K-contact structure, if £^<& = 0. Furthermore, for any 
contact manifold (M, D), we will fix an orientation on M as well as a co-orientation 
on D. Let D ann denote the annihilator of D in A 1 (M). Then, D ann minus the 
0-section splits as T>f inn U T)~ nn . Fixing a section 7/0 of D+ nn we can identify the 
sections T{D+ nn ) with the set {77 | 77 = /770 for some positive function /}. We define 

a map T(D+ nn ) >X(M), where X(M) denotes the Lie algebra of vector fields on 

M, by associating to 77 6 r(D+ nn ) its Reeb vector field £, and we denote by R + (D) 
its image in X(M). This map is clearly injective, and we give 9£ + (D) the subspace 
topology as a subspace of the space of smooth sections of the vector bundle T(M) 
with the C°° compact-open topology. 

Proposition 2.1. The subspace R + (D) is an open convex cone in X(M). 

Proof. For i = 1, 2 let & G be the Reeb vector fields for r] t G T>+ nn with a 

reference 1-form 770. Then 

%(*i6 + ta&) = ti%(&) + *2»»(&) > 

for t\,ti > 0, and not both 0. Set £12 = + ^2^2) and define 7712 = r?0 (g 12 ) ^o- 
Then 7712(^12) = 1, and ^12 J ^7712 = £^ 12 ni2. Since £j are Reeb vector fields, they 
leave sections of the contact bundle D invariant. So £12 = + t 2 ^2 also leaves 
D invariant. Thus, £^ 12 rji2 = gr\n for some smooth function g. Evaluating this on 
£12 gives g = 7712) (£12) = £ 12 (7712(62)) = which implies that £ 12 is the Reeb 
vector field of 7712. That 3i + (D) is open follows immediately from positivity. □ 

2.2. Almost CR and CR Structures. Given an almost contact structure, the 
tensor field $ restricted to the subbundle D defines an almost complex structure 
J, so (D, J — 3>|d) defines a codimension one almost CR structural. The condition 
of intcgrability of the almost CR structure can be phrased in a variety of ways (cf. 
|BG08| and references therein); however, from the point of view of CR geometry 
the most cogent is this. The almost contact structure defines a splitting of the 
complcxification D ® C as 

HOC = D 1 ' ® D ' 1 

where the bundles CD 1,0 and D 01 correspond to the eigenvalues +i and — i, of J 
respectively, and satisfy 

D 1 ' n D ' 1 = {0}. 



For us both an almost CR and CR structure will always be of codimension one in which case 
they are often referred to as (almost) CR structures of hypersurfa.ee type. 
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Let T(E) denote the vector space of smooth sections of the vector bundle E. Then 
the almost CR structure (D, J) is said to be formally integrable if the condition 

[r(D 1 '°),r(!D :1 ' )] c r(i) 1 ' ) 

holds. A manifold with a formally integrable CR structure is often called an abstract 
CR manifold. An almost CR manifold M 2n+1 of dimension 2n + 1 is integrable 
if about each point there are 'holomorphic coordinates', that is complex valued 
functions z\, ...,z n such that the differentials {dzj}" =1 are linearly independent 
and the functions Zi are annihilated by any section of D ' 1 . Of much interest in CR 
geometry is the so-called local embeddability problem (BER99] which amounts to a 
formally integrable CR structure being integrable. However, for us this problem is 
moot. 

We are interested in the case that the Levi form L n := d/q o ( J <g> 1) is positive 
or negative definite. In this case the almost CR structure is said to be strictly 
pseudoconvex, and the 1-form r/ defines a contact structure on M. A deep theorem 
of Kuranishi |Kur82j says that any formally integrable strictly pseudoconvex CR 
manifold of dimension 9 or greater is integrable. This result is known to be false 
in dimension 3 [BER99] . and as far as I know is still open in dimension 5. It 
was shown to hold in dimension 7 by Akahori }Aka87j . However, we are mainly 
interested in K-contact structures, that is, the Reeb vector field £ is an infinitesimal 
CR transformation (see Definition 12.21 below) . In this case it is easy to see that any 
formally integrable K-contact structure is integrable. 

2.3. Compatible Riemannian Metrics. Given the triple (£, 77, $), one can then 
ask for a compatible Riemannian metric g in the sense that 

g($(X), $(Y)) = g(X, Y) - rj(X)r)(Y) . 

Such metrics always exist and then the quadruple S = (£, 77, $, g) is called an almost 
contact metric structure, and a contact metric structure in the case that (£, 77, $) 
defines a contact structure. In the latter case, with £ and 77 fixed there is a 1- 
1 correspondence between such compatible Riemannian metrics and (1,1) tensor 
fields $, or alternatively, almost complex structures on the symplectic vector bundle 
(T>,drf). So given the triple (^,ry,4>) satisfying Equations ([1]) and ([3]), the metric g 
is given uniquely by 

(4) g = gx> +V <g> 77 = dn o ($ ® 11) + r\ <g> 77. 

On a given manifold we arc interested in the set CM(M) of all such contact metric 
structures. We give CM(M) the C°° topology as a subspacc of the space of smooth 
sections of the corresponding vector bundles. We often suppress the M and simply 
write CM when the manifold is understood. 

Definition 2.2. A contact metric structure S = (£, 77, $, g) € CM is said to be 
a K-contact structure if £^ = 0, or equivalently £^g = 0, and it is said to 
be a Sasakian structure if it is K-contact and the almost CR structure (D, J) is 
integrable. 

Note that for K-contact structures, the Reeb vector field £ is a Killing field, hence, 
the name K-contact. One of the reasons that K-contact and Sasakian structures are 
tractable is that the characteristic foliation is Riemannian, or equivalently bundle- 
like [M0I88] . A (K-contact) Sasakian structure S — (£, 77, g) determines a strictly 
pseudoconvex (almost) CR structure (D, J) by setting D = ker 77, and J — 
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Conversely, given a strictly pseudoconvex (almost) CR structure (2), J), we can 
inquire about the space of (K-contact) Sasakian structures that have (D, J) as 
its underlying (almost) CR structure. A necessary and sufficient condition that 
a contact metric structure S = (£, rj, <&, g) be K-contact is that £ belong to the 
Lie algebra cr(D, J) of infinitesimal almost CR transformations. The subspace 
cr+(D, J) = R+(T>) n cr(D, J) of all Rceb vector fields belonging to a (K-contact) 
Sasakian structure with underlying (almost) CR structure (D, J) is invariant under 
the group <tO\(D, J) of CR transformations, and the quotient space «(2), J) = 
ct+(T>, J)/€^CD, J) is a cone called the Sasaki cone |BGS08a| . Let t k be the Lie 
algebra of a maximal torus T/. in £D\(D, J), and let W denote the Weyl group of 
a maximal compact subgroup of G2H(D, J). Then we can identify the Sasaki cone 
n(T>, J) with quotient t^/W, where t£ = tfc (~l cr + (D, J). By abuse of terminology 
we often refer to t£ as the Sasaki cone for convenience. Moreover, it is well-known 
that the dimension k of the Sasaki cone takes values 1 < k < n + 1 . When k = n+1 
we are in the realm of toric Sasakian geometry [BGOOai ILer02a| to be discussed 
briefly later. 

It is known that £91(1), J) is a Lie group and there are only two cases when it 
is non-compact |Lec96, Sch95j, when M is the Heisenberg group with its standard 
CR structure, or when M = S 2n+1 with its standard CR structure. In the latter 
case em(D, J) = SU(n + l, 1) |Web77j . Moreover, if M is compact and (D, J) is of 
Sasaki type, but is not the standard CR structure on S 2n+1 then there is a Sasakian 
structure S £ §(D, J) such that <£SR(D, J) = 2lut(5), the automorphism group of 
S |BGS08aj . 

We now define various subspaccs of CM of interest. 

Definition 2.3. If CM denotes the space of all contact metric structures on M, 
then we define 

(1) OC, the subspace consisting of all K-contact structures in CM; 

(2) 8, the subspace consisting of all Sasakian structures in CM; 

(3) CM(D), the subspace of all contact metric structures with underlying con- 
tact structure D; 

(4) CM(D, J), the subspace of all contact metric structures with underlying CR 
structure (D, J). 

(5) CM(3^) the subspace of all contact metric structures whose Reeb vector field 
belongs to the foliation 3^ for a fixed Reeb vector field £. 

(6) The corresponding definitions in items (3)-(5) with CM replaced by 3C or S. 

There are obvious inclusions §(D) C X(T>) C CM(D), etc. 

2.4. The Characteristic Foliation and Basic Cohomology. The interplay be- 
tween the contact/CR structure point of view on the one hand and the character- 
istic foliation point of view on the other will play an important role for us. Here 
we concentrate on the latter. 

Recall that given a foliation Jon a manifold M an r-form a is basic if for all 
vector fields V that are tangent to the leaves of J the following conditions hold: 

(5) VJa = £ v a = 0. 

So on a foliated manifold M we can consider the subalgebra U r B (3 r ) C W{M) of 
basic differential r-forms on M. It is easy to see that exterior differentiation takes 
basic forms to basic forms, and gives rise to a de Rham cohomology theory called 
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basic cohomology whose groups are denoted by if]j(3"), and their cohomology classes 
by [q\b- These groups applied to the characteristic foliation play an important role 
in Sasakian and K-contact geometry [BG08] . Indeed, for a K-contact manifold we 
have the exact sequence 

(6) >H^)^H?(M,R)^Hl-\? ( )^H p B +1 (? ( ) >■■■, 

where S is the connecting homomorphism given by S[q]b = [dr/Aa]B = [drj\ b U [a] b , 
and j p is the map induced by £ J . In particular, the beginning of the sequence gives 
two important pieces of the puzzle, namely 

(7) Hg^) sa H 1 (M,R) 7 H 2 (^) ^ H 2 (M 7 R)-^ ■ ■ ■ . 

The closed basic 2- form <h) defines a non-trivial class [drf\B G which is 

zero in H 2 (M, M). In fact, the kernel of i* at level 2 is generated by [drf\B- Another 
important basic cohomology class is the basic first Chern class Ci(3^), the existence 
of which is due to the fact that on a K-contact manifold the transverse Ricci tensor 
is basic. Note that £*ci(?£) = ci(D), the real first Chern class of the almost complex 
vector bundle D. Of particular interest is the case ci(CD) = 0. In this case the exact 
sequence ([7]) implies that there is an a € 1 such that ci(3^) = a[drf\B- This gives 
rise to a rough classification of types of K-contact (Sasakian) structures according to 
whether ci(3^) is positive definite, negative definite, zero, or indefinite. Note that 
indefinite Sasakian structures can only occur when the underlying contact bundle 
D satisfies Ci(D) ^ 0. Here we are mainly concerned with the case Ci(D) = 0. For 
some examples of indefinite Sasakian structures see Example 4.3 of |BGO07j . 

More generally, given two contact metric structures <S,iS' G CM(3^), the follow- 
ing relations must hold 

(8) ^' = a-^, ri' = ari + (, 

where a£l \ {0} and £ is a basic 1-form. Thus, CM(3^) decomposes as a disjoint 
union 

(9) CM(3» = |J eM(a" 1 C) ueM(-a- 1 o, 

where CM(£) is the subset of CM (3^) consisting of those elements whose Reeb 

vector field is £. Note that there is a natural involution CM(3j) >CM(3^) given 

by conjugation S = (£,r),&,g) i— > S c = (— £, — 77, — $,<?)• It should be clear that 
conjugation restricts to an involution on the subspaccs S(3^) and By fixing 

an orientation on M and a co-orientation on D we restrict ourselves to the subspace 

U aeR+ eM(a-^). 

Another important notion is that of transverse homothety. We say that a contact 
metric structure S a = (£ , rj a , <I> a , g a ), labelled by a G R + , is obtained from S G 
CM(3^) by a transverse homothety if 

(10) £a =a~ 1 £, ria = ari, $ a = g a = ag + (a 2 - a)ij ® n. 

Clearly, this gives rise to a 1-parameter family S a = (£,a,Va,^a, ga) of metrics in 
CM(3 r ^). One can also view CM(±£) as the set of transverse homothety classes in 
CM (3^). It is easy to see that a transverse homothety preserves the subspaccs 
S(3\e) and 3C(3^). Note that the volume elements are related by = a" +1 ^ 9 , so 
fixing a representative of a transverse homothety class fixes the volume and vice 
versa. 
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2.5. Isotopy Classes of Contact Structures. We are interested in varying the 
structures discussed above in several ways. First, if we fix a contact structure D 
we can vary the almost complex structure on D, namely J = 5>|d. Then, if we fix 
the almost CR structure (D, J), we can vary the 1-form rj within D, and hence, the 
characteristic foliation 3 r ^. 

Alternatively, we can fix the characteristic foliation 3^ and vary the contact 
structure by deforming the 1-form rj \— > jj t = arj + tQ, where t G [0, 1], a is a positive 
constant and £ is a basic 1-form. We also require that our variation is through 
contact forms by assuming that r\ t A {df]t) n ^ for all t <E [0, 1]. By Gray's Stability 
Theorem (cf. |BG08j ) all such contact structures are isomorphic on a compact 
manifold. So we are interested in the isotopy class [T>t\i of contact structures defined 
by {T) t = ker rj t }. We let CM/ denote the space of all contact metric structures 
within a fixed isotopy class of contact structures. On compact manifolds the space 
CM/ is path connected, and different isotopy classes label different components of 
CM. But as indicated above we are interested in the subspace CM/(£) consisting of 
contact metric structures in CM/ whose Reeb vector field is £. Now more generally 
we have 

Definition 2.4. Fix a contact metric structure So = (£o, ?7o 5 ^o? go) £ CM/. Then 
we define the space CM/.s to be the set of all contact metric structures S = 
(£,T), $,3) £ CM/ such that there is a smooth positive function f, and a 1-form 
Q with rj = frjo + Cf an d satisfying either of the following conditions 

(1) C/ is basic with respect to £, or 

(2) Q has the form Q = /£ where £ is a basic 1-form with respect to £o- 

Note that the two possibilities correspond to two distinct decompositions giving 
the non-commutative diagram: 

(11) 




The 'high road' (upper path) is 77 t— > frj t— > frj + £/, whereas, the 'low road' is 
rj rj + £ f(j] + C), and the two outcomes are different, in general. The former 
amounts to first deforming the foliation and then the CR structure, while the latter 
amounts to first deforming the CR structure and then the foliation. Note that the 
complex vector bundles D and Dq arc isomorphic, so we have c\{T>) = ci(D^). 
The basic first Chern class c\(3 r ^) depends only on the foliation, so it is invariant 
under the deformation rj 1— ► 77 + £. However, it is not understood generally how 
ci(^) changes under a deformation of the foliation through the Sasaki cone J). 
Nevertheless, it is easy to see that ci(3'j) is invariant under a transverse homothcty 
(fT0|) . so it only depends on the projectivization of «(D, J). 

We have 
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Definition 2.5. The space CM/.s is said to be of Sasaki type (K-contact type) 

if some S € CM/.s is Sasakian (K-contact), respectively. We denote by Si,b, (3Cr,s) 
the subspace o/ CMj.b consisting of Sasakian (K-contact) structures. 

Clearly, we have a natural inclusion §i t s C OCi^b- 
Accordingly, we define the subspace 

(12) S(D, J) = {S 6 §7,5 | S is Sasakian with underlying CR structure (D, J)} . 
We have 

Proposition 2.6. The space S^b is path connected. 

Proof. Fix a Sasakian structure So = (£cb ^Oj ^Oj 5o) G and let 5i = 771 , $1, gi) 
be another Sasakian structure in S/^. Then 771 = fijo + C/ where C/ satisfies one of 
the two conditions of Definition 12.41 If condition (1) holds, then as in the proof of 
Proposition 7.5.7 of |BG08j the structure S' = (frjo, £1, $1 + £1 ® C/ d') belongs 
to a path component labelled by i? 1 (M, Z), where the metric g' is determined by 
Equation is Sasakian. But since Si and So are isotopic, iS' and So lie in the 
same Sasaki cone which is path connected, the result follows. 

On the other hand if condition (2) of Definition 12.41 holds, the contact metric 
structure S" = {£,o,Vo + (>&o — £o®(°&o,g"), where g" is determined by Equation 
is Sasakian, since So is Sasakian. But the structure Si is also Sasakian and 
Vi = fivo + 0- It follows that the Sasakian structures Si and S" lie in the same 
Sasaki cone which proves the result. □ 

2.6. Associated Kahler Geometries. Given a contact manifold M with a chosen 
contact form 77, the transverse geometry of the characteristic foliation 3^ is described 
by the symplectic vector bundle (D, drf). Moreover, on the cone C(M) = M x R + 
we also have a symplectic structure given by d{r 2 rf) where r £ M + . Now if S = 
(£, 77, 17) is a contact metric structure on M, we have an almost Kahler structure 
on the cone C(M) given by (d(r 2 rj), I, gc(M))i where the cone metric gc(M) satisfies 

(13) 9c (M) = dr 2 +r 2 g , 
and almost complex structure / is defined by 

I(Y) = $(F) + v(Y)rd r , I(rd r ) = -£ . 

Similarly, the transverse structure (D, dn, J, <?£>) is also almost Kahler. When S 
is K-contact, the transverse structure is bundle-like. This is the situation about 
which we are most concerned. This leads to 

Definition 2.7. The characteristic foliation 3^ is said to be quasi-regular if 

there is a positive integer k such that each point has a foliated coordinate chart 
(U,x) such that each leaf of passes through U at most k times. Otherwise 3^ 
is called irregular. If k = 1 then the foliation is called regular, and we use the 
terminology non-regular to mean quasi-regular, but not regular. We also say that 
the contact form r\ or that the contact structure is quasi-regular (regular, irregular). 

It is easy to see that a quasi-regular contact form 77 is K-contact in the sense 
that there exists a K-contact metric that is compatible with rj. In this case the 
quotient space is well-defined, but we need to work in the category of orbifolds, 
and orbibundlcs. We refer to Chapter 4 of |BG08j for details. Here we mention the 
following fundamental structure theorems [BGOObj : 
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Theorem 2.8. Let S = (£, rj, $, g) be a compact quasi-regular Sasakian (K-contact) 
structure on a manifold M of dimension 2n+ 1, and let Z denote the space of leaves 
of the characteristic foliation. Then the leaf space Z is a Hodge ( symplectic ) orbifold 
with Kahler (almost Kahler) metric h and Kdhler form to which defines an integral 
class [u>] in H^ rb {Z,1i) so that ir : (M,g) — >(Z,h) is an orbifold Riemannian sub- 
mersion. The fibers of n are totally geodesic submanifolds of M diffeomorphic to 
S 1 . 

Note that when S is Sasakian it follows from the Kodalra-Baily Embedding 
Theorem [Bai571 1BG08] that Z is a projective algebraic variety with an orbifold 
structure. Conversely, the inversion theorem holds: 

Theorem 2.9. Let (Z,h) be a compact Hodge (symplectic) orbifold. Let n : 
M — >Z be the S 1 orbibundle whose first Chern class is [u>], and let n be a con- 
nection 1-form in M whose curvature is 2tt*uj, then M with the metric ir*h + r\ ® r\ 
is a Sasakian (K-contact) orbifold. Furthermore, if all the local uniformizing groups 
inject into the group of the bundle S 1 , the total space M is a smooth Sasakian (K- 
contact) manifold. 

Remark 2.10. The structure theorems and the discussion above show that Sasakian 
geometry is "sandwiched" between two Kahler geometries as illustrated by the fol- 
lowing diagram 

C{M) <-> M 

(14) 

Z 

Kris liked to refer to this as the "Kahler-Sasaki sandwich" . 

2.7. Extremal Sasakian Metrics. In recent work |BGS08a| IBGS08bj Kris and 
I in collaboration with Santiago Simanca have developed a theory of extremal 
Sasakian structures. Here the theory parallels to a certain extent the Kahlerian case 
introduced by Calabi |Cal82| . We refer to |TiaO O. SimQ4] and references therein for 
a presentation of this case. 

We are interested in the subspace S(£, J) of §>i t B with a fixed Reeb vector field 
and a fixed complex structure J on the normal bundle ^(3^). Following |BGS08a] 
we assume that M is compact of Sasaki type and denote by Wl(£,, J) the set of 
all compatible Sasakian metrics arising from structures in S(£, J), and define the 
"energy functional" E : 97t(£, J) — >R by 

(15) E(g) - / s 2 g dfi g , 

JM 

i.e. the square of the L 2 -norm of the scalar curvature s g of g. Critical points g of 
this functional are called extremal Sasakian metrics, and the associated Sasakian 
structure S = (£,77, &,g) is called an extremal Sasakian structure. Similar to the 
Kahlerian case the Euler-Lagrangc equations for this function give 

Theorem 2.11. A Sasakian metric g € M(£, J) is a critical point for the energy 
functional U5\) if and only if the gradient vector field d^Sg is transversely holomor- 
phic. In particular, Sasakian metrics with constant scalar curvature are extremal. 
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If S is an extremal Sasakian metric then so is the Sasakian structures obtain 
by a transverse homothety. This follows from the easily verified relation 9* s 3a = 
a~ 2 d^s g . Notice also that since there are no transversely holomorphic vector fields 
for negative or null Sasakian structures, the only extremal negative or null Sasakian 
metrics are ones of constant scalar curvature. 

Also analogously to the Kahler case, for any transversally holomorphic vector 
field dff with Killing potential /, we have (see |BGS08a] ) a Sasaki- Futaki invariant 
given by 

(16) &^{d*f) = - I f{s g -s Q )d N , 

JM 

where g is any Sasakian metric in 9Jt(£, J) and sq is the projection of the scalar 
curvature s g onto the constants. This expression uniquely defines a character on 
the Lie algebra f)(£, J) of transversally holomorphic vector fields. Moreover, we 
have 

Theorem 2.12. If S = (£, rj, <E>, g) is an extremal Sasakian structure in S(£, J), the 
scalar curvature s g is constant if and only if vanishes identically. 

Of particular interest to us is the case that the contact bundle D has vanishing 
first Chern class ci(D), or a bit more generally ci(CD) is a torsion class. A special 
case of Sasakian structures S = (£, 77, $, g) where ci(CD) is a torsion class and g has 
constant scalar curvature is the case of so-called 77-Einstein metrics. These are all 
extremal Sasakian metrics that satisfy 

(17) Rkg = Xg + vr\ ® r\ 

for some constants A and where Ric s denotes the Ricci curvature tensor. The 
scalar curvature s g of these metrics is constant and given by s g = 2n(l + A). We 
refer the reader to IBGM06 , and references therein, for further discussion of these 
metrics. 

Given a Sasakian structure S = (£, 77, g) in S(£, J), we can vary the 1-form 
77 within the CR structure (D, J), and hence, its Reeb vector field. If we vary 
through Sasakian structures, then the Reeb vector fields vary through the Sasaki 
cone k(D, J). One of the main results of |BGS08a] says that the set of extremal 
Sasakian structures is open in the Sasaki cone. 

In BGSOSb another variational principal was introduced which gives critical 
points keeping the CR structure fixed and varying the characteristic foliation in 
the Sasaki cone. This is similar to the Kahler case described in |Sim96[ rSim00| . 
Here is the setup. Fix a Sasakian structure S € S(D, J), and let be a maximal 

torus in £3\(D 1 J). There is a Tj. equivariant moment map fi : M >l* k ~ IR fe defined 

by (/!, t) = i](X T ), where X T is the vector field on M associated to t 6 tj. Now 
fj, defines the vector subspacc KsiM) C C°°(M) C L 2 g (M) of Killing potentials 
spanned by the functions -q{X T ). Note that the vector space 5{s(M) depends only 
on the transverse homothety class; however, for ease of notation we just use the 
subscript S. Since ^ E tj, the space JCs(M) contains the constants. Moreover, we 
have a splitting with respect to the L^-norm, 

C°°(M) = -KsiM) © Jfc(M)- 1 -, 

and we have a natural projection 7r 9 : C°°(M) >IKs(M). It is also easy to check 

that this splitting depends only on the transverse homothety class. Note that when 
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k = 1 the space of Killing potentials JCs(-M) consists only of the constant functions. 
We note that the energy functional E of Equation (|T5|) has a lower bound, viz. 

(18) E(g) = j s 2 g dn g > [ {-KgSgfdlig . 

Jm Jm 

Then the metric g in 9Jt(£;, J) is extremal if and only if the scalar curvature s g lies 
in !Hs(M), that is s g is a linear combination of Killing potentials. 

When the lower bound in Equation (fl8]l is reached we can ask about varying 
the Reeb vector field within the Sasaki cone. This is done in |BGS08b] . and is 
the adabtation to Sasakian geometry of an idea of Simanca [Slm96 ! SimOOj in the 
Kahlerian case. 

We define the energy £ of a Reeb vector field in the Sasakian cone to be the 
functional given by this optimal lower bound, namely £ : k(D, J) >R defined by 

(19) £(0 = f (n g s g ) 2 dfx g 

Jm 

The Reeb vector field £ <E k(2), J) of a Sasakian structure S = (£, 77, $, g) is said to 
be strongly extremal if it is a critical point of the functional (|19[) over the space of 
Sasakian structures in «(D, J) that fix the volume of M. A Sasakian structure S 
is strongly extremal if its metric is extremal and its Reeb vector field £ is strongly 
extremal. Notice that when S is an extremal Sasakian structure, the two integrals 
(fl"5| and (fl9|) are the same, but the variations are different. The Euler-Lagrange 
equation for the functional (TiU)) is 

(20) TT g [-2nA B ir g s g - (n - 1){-K g s g ) 2 ] + ■inirgSg = A , 

where A is a constant. Thus, Tr g s g a constant gives a solution to the Euler-Lagrange 
equation. This occurs in two cases: (1) The Sasaki cone is one dimensional, and (2) 
the scalar curvature s g is itself constant. The first case is rather trivial since the only 
variation is a transverse homothcty, and all these satisfy the equations. Moreover, 
they do not generally give strongly extremal Sasakian structures, as we shall show 
later. It is the second case that is of interest. If s g is constant then the Sasakian 
structure S is strongly extremal. I know no examples of strongly extremal Sasakian 
structures with ~K g s g non-constant. Important known examples of strongly extremal 
Sasakian structures are the Sasakian- ?/-Einstein structures given by Equation (|17jl , 
but they are not the only ones. As shown in |BGS08b] the Wang-Zillcr manifolds 
jWZ90ilBG08j give examples of strongly extremal Sasakian structures with ci(D) ^ 
0. 

3. Links of Isolated Singularities 

Let (M, S) be a compact Sasakian manifold and consider the cone C(M) = 
M x M+ over M. Let Y = C(M) U {r = 0} be C(M) with the cone point added. 
Y is a complex analytic space with an isolated singularity at {0}, or equivalently a 
complex space germ (Y, 0). If the Sasakian structure is quasi-regular, then Y has a 
natural C*-action with a fixed point at r = 0. In this case — i£ as a holomorphic 
vector field on Y, where ^ = rd r , is an infinitesimal generator of the C*-action, and 
C(M) is the total space of a principal C*-orbibundle over the projective algebraic 
orbifold Z. Alternatively, this can be phrased in terms of C*-Scifcrt bundles, cf. 
Section 4.7 of |BG08j . This general Seifert bundle construction is given in an 
unpublished work of Kollar [Kol04j . 
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Though not entirely understood, it is well-known that much of the topology of 
M is controlled by the nature of the conical singularity of Y at r = 0, cf. |GS83j . 
First I mention a recent result of Marinescu and Yeganefar [MY07] which says 
that for any Sasakian manifold there is a CR embedding into <C N for some N. In 
particular, the topology of M is related to the minimal embedding dimension N. 
Moreover, the result in [MY07 implies that any contact structure of Sasaki type is 
holomorphically tillable. Explicitly, we have 

Definition 3.1. A contact manifold (M, D) is said to be holomorphically fillable 

if it is contactomorphic to the boundary of a compact strictly pseudoconvex complex 
manifold V. IfV can be taken to be Stein then (M, D) is said to be Stein fillable. 

Then as noted in |MY07| a well-known result of Harvey and Lawson [HL75] 
together with the Marinescu- Yeganefar theorem gives 

Theorem 3.2. Every compact Sasakian manifold is holomorphically fillable. 

In a similar vein a recent result of Niederkriiger and Pasquotto |jN P07] shows that 
a compact K-contact manifold is symplectically fillable. Generally, it appears that 
Sasakian manifolds are not necessarily Stein fillable as recently shown by Popescu- 
Pampu PP07J. Thus, they are not, in general, smoothable in the sense of |GS83j . 

Further study of these important contact invariants is currently in progress. The 
one case that has been studied in detail is that of isolated hypersurface singularities 
arising from weighted homogeneous polynomials which I now discuss. 

3.1. Weighted Hypersurface Singularities. In [BG01] Kris and I described a 
method for proving the existence of Sasaki-Einstein metrics on links of isolated hy- 
persurface singularities that arise from weighted homogeneous polynomials. Many 
of the results that we obtained since then have involved the natural Sasakian geom- 
etry occurring on such links. Here I provide a brief review of the relevant geometry 
referring to Chapters 4 and 9 of BG08] for a more thorough treatment. Recall that 
a polynomial / s C[zo, . . . , z n ] is said to be a weighted homogeneous polynomial of 
degree d and weight w = (wq, . . . , w n ) if for any A 6 C* = C \ {0}, we have 

f(\ w °z ,...,\ w "z n ) = \ d f(z a ,...,z n ). 

We are interested in those weighted homogeneous polynomials / whose zero locus 
in C™ +1 has only an isolated singularity at the origin. We define the link Lf(w, d) 
as / _1 (0) n S 2n+1 , where S 2n+1 is the (2n + l)-sphere in C™ +1 . By the Milnor 
fibration theorem [Mil68| , Lf(w,d) is a closed (n — 2)-connected manifold that 
bounds a parallelizablc manifold with the homotopy type of a bouquet of n-spheres. 
Furthermore, L/(w, d) admits a Sasaki-Scifert structure S = ((w^w^wjfiw) in 
a natural way |Abe77[ ITak78[ IVar80| (I only recently became aware of the last 
reference). This structure is quasi-regular, and the contact bundle (D, J) satisfies 
ci(D) = 0. As mentioned previously this latter property implies that Ci(^ w ) = 
a[drj w ]B for some constant a, where 9^ w is the characteristic foliation. The sign 
of a determines the negative, null, and positive cases. For any list of positive 
integers (Zi, . . . , Ik) it is convenient to set |1| = ^ U. Then more generally, for the 
links of isolated complete interection singularities defined by weighted homogeneous 
polynomials f = (/i, . . . , fk) we have 

Proposition 3.3. Let Lf be the link of an isolated complete interection singularity 
defined by weighted homogeneous polynomials f = (fi, ■ ■ ■ , fk) of multidegree d — 
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(di, . . . ,dk). Then Lf has a natural Sasakian structure S which is either positive, 
negative, or null. In particular, ci(D) = 0. Moreover, S is positive, negative, or 
null, depending on whether |w| — |d| is positive, negative, or null, respectively. 

Remark 3.4. The condition Ci(D) — is equivalent to the condition ci(TC(M)) = 
0. Since for any Sasakian manifold M the cone C(M) is Kahler, Ci(D) = implies 
the existence of a nowhere vanishing holomorphic (n + l)-form f2, as well as the 
fact that the cone singularity is what is called a Gorenstein singularity. We discuss 
this further in Section [5] in the context of toric geometry. 

The only transversally holomorphic vector fields of a negative or a null link of an 
isolated hypersurface singularity are those generated by the Reeb vector field. These 
links have a one-dimensional Sasaki cone, and by the transverse Aubin-Yau theorem 
jBGM06] , any point in this cone can be represented by a Sasakian structure whose 
metric is ?7-Einstcin (see examples of such links in [BG05, BG08]). So the entire 
Sasaki cone consists of strongly extremal Sasakian structures [BGS08b . Negative 
Sasaki-77-Einstein metrics give rise to Lorenzian Sasaki-Einstein metrics |Bau00[ 
IBGM06j . and in dimension 5 R. Gomez |Gom08j has recently shown that for all 
k G N such metrics exist on the /c-fold connected sum k(S 2 x S 3 ). Moreover, using 
work of Kollar |Kol05| . J. Cuadros |Cua08j has recently shown that the only simply 
connected 5- manifolds that can admit null Sasakian structures are k(S 2 x S 3 ) when 
3 < k < 21, and all of these do admit such structures. Moreover, both the null and 
negative cases can occur with moduli. 

3.2. On the Existence of Sasaki-Einstein Metrics. In the case of positive 
links there are well-known obstructions to the existence of Sasaki-77-Einstein met- 
rics (cf. |BG08] ). One such obstruction has already been discussed, namely, the 
Sasaki- Futaki invariant (|16p . Another is the Matsushima-Lichncrowicz type invari- 
ant [BGS08a] . Both of these invariants rely on the existence of non-trivial transverse 
holomorphic vector fields. More recently it was observed in [GMSY07] that classi- 
cal estimates of Bishop and Lichnerowicz, which do not depend on the existence of 
symmetries, may also obstruct the existence of Sasaki-Einstein metrics. For us the 
Lichnerowicz obstruction seems more convenient. In particular, 

Proposition 3.5. Let Lf(w,d) be a link of an isolated hypersurface singularity 
with its natural Sasakian structure, and let I = |w| — d be its index. If 

I > n min {uii} , 

i 

then Lf(w;d) cannot admit any Sasaki- Einstein metric. 

So using Proposition 13 - 51 we can obtain examples of positive links that admit 
no Sasaki-Einstein structure |BGS08b] , When the Sasaki cone is one dimensional 
this gives isotopy classes of contact metric structures of Sasaki type that admit 
no compatible Sasaki-Einstein structure, hence, no extremal Sasakian structure. 
When the Sasaki cone has dimension greater than one, there remains the possibil- 
ity of deforming through the Sasaki cone to obtain an (extremal) Sasaki-Einstein 
structure. Precisely this was accomplished in the toric case in [FOW061 ICFO08] 
under the assumption that ci(T>) = 0. 

We now want to review some known methods for proving the existence of Sasaki- 
Einstein metrics. I refer to Chapter 5 of |BG08j and references therein for details 



14 



CHARLES P. BOYER 



and more discussion. We restrict ourselves to positive quasi-regular Sasakian struc- 
tures on compact manifolds in which case Theorems l2.8l and l2.9l applv. If the Kahler 
class of the projective algebraic orbifold 2, is a primitive integral class in the sec- 
ond orbifold cohomology group, the sufficient conditions, which gives a measure of 
the singularity of the pair (Z,K~ X + A), where K~ x is an anti-canonical divisor, 
and A is a branch divisor, arc known as Kawamata log terminal (kit) conditions. 
Rather than give a general discussion I will concentrate on some easily applicable 
special cases. First we can obtain a rather crude estimate for any link £/(w, d) of 
an isolated hypersurface singularity from a weighted homogeneous polynomial /. 

Proposition 3.6. Let L^(w, d) be a link of an isolated hypersurface singularity 
with its natural Sasakian structure, and let I — |w| — d be its index. Then L/(w, d) 
admits a Sasaki-Einstein metric if 

Id < -mini i(wiWj). 

71-1 

This estimate is far from optimal, and in some special cases we can do much 
better. One such case is that of the well-known Brieskorn-Pham (BP) polynomial 
defined by a weighted homogeneous polynomial of the form 

(21) f = z*° + --- + z^, a t >2, 

In this case the exponents at, the weights Wi, and degree are related by d = aiWi for 
each i = 0, . . . , n. It is convenient to change notation slightly and denote such links 
by Lf(a), where a = (ao, . . . , a„). These are special but quite important examples 
of links. Their kit conditions were described in [BGK05] . The base of a BP link 
L f (a) admits a positive Kahler-Einstcin orbifold metric if 

v-^ 1 71 f 1 1 ~| 

22 1< V - < 1 + mm -, — \. 

, n CLi n — l i,j I a t bibj J 

2 — J 

where bj = gcd(aj, C- 7 ) and = lcmjai : i ^ j}. This condition leads to a 
rather large number of examples of Sasaki-Einstein metrics on homotopy spheres 
[BGK051 lBGKT05| and rational homology spheres |BG06a| lKolQ5] . 

In the special case when the integers (ao, . . . , a n ) are pairwise relatively prime, 
Ghigi and Kollar GK05] obtained a sharp estimate. In this case, the BP link is 
always a homotopy sphere, and if we combine this with Proposition 13.51 above, we 
see that, when the a^s are pairwise relatively prime, a BP link £/(a) admits a 
Sasaki-Einstein metric if and only if 

n 1 1 
1 < y — < 1 + 7i mim — > . 

Other applications of the kit estimate (f2"2"|) can be found in |BG05[ IBG08j . 

3.3. The Topology of Links: Orlik's Conjecture. By using the Milnor fi- 
bration theorem, Milnor and Orlik |MO70j obtained more refined topological in- 
formation about links of isolated hypersurface singularities arising from weighted 
homogenous polynomials though a study of the Alexander polynomial of the link. 
They computed the Betti numbers of the manifold underlying the link, and in the 
case of rational homology spheres, gave the order of the relevant homology groups. 
A bit later, Orlik |Orl72j postulated a combinatorial conjecture for computing the 
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torsion, an algorithm that we describe next (see Chapter 9 of |BG08| for more 
detail) . 

Given a link £/(w, d), we define its fractional weights to be 

(23) (—,•••,—) = (—,•••,- 
where 

(24) u 



gcd(d,Wi) gcd(d,Wi) 

We denote by (u, v) the tuple (uo, . . . , u n , Vq, . . . , v n ). By (|24[) . we may go between 
(w,g?) and(u,v). We will sometimes write L/(u,v) for £/(w, d). Then the {n— l) st 
Betti number is 

(25) K-i{L f ) = J2(-l) n+1 - s U -^j^ r 

where the sum is taken over all the 2 n+1 subsets . . . , i s } of {0, . . . , n}. In |Orl72j 
Orlik conjectured an algorithmic procedure for computing the torsion of these links. 

Conjecture 3.7 (Orlik). Let {ii,...,i s } C {0,1,..., n} be an ordered set of s 
indices, that is to say, i\ < ii < • ■ • < i s . Let us denote by I its power set {consisting 
of all of the 2 s subsets of the set), and by J the set of all proper subsets. Given a 
(2n + 2) -tuple (u, v) = (uq, . . . , u n , Vq, . . . , v n ) of integers, we define inductively a 
set of 2 s positive integers, one for each ordered element of I , as follows: 

c $ = gcd(w , ...,u n ), 
and if . . . ,i s } G I is ordered, then 

,„m g cd ("0, ■ ■ ■ , Uh , ■ ■ ■ , U ts , . . . , U n ) 

(26) Ci u ..., is = 71— ■ 

Similarly, we also define a set of 2 s real numbers by 

= ^n+l 7 

and 

(27) k h ,..., ia =e„_ a+1 V(-l) s -'- 

* ' 77 



J 



'»J t M«3ir-,1 3l ) ' 



whe 



tn-s+l 



if n — s + 1 is even, 

1 if n — s + 1 is odd, 

respectively. Finally, for any j such that 1 <j < r = [max i a }J , where lx\ 

is the greatest integer less than or equal to x, we set 

(28) dj= n °iu-,is- 

fcil,...,<,>3 

Then 

H n _i (i/(u, v), Z) tor = Z/di © • ■ ■ © 1/d r . 

This conjecture is known to hold in certain special cases |Ran75[ IOR77| as well 
as in dimension 3 |Orl70j . Before his tragic accident, Kris proved that Conjecture 
3.71 holds in dimension 5 also by using a recent theorem of Kollar |Kol05| . The 
argument is given in the appendix of [BGS08b| . 

Proposition 3.8. Conjecture 13.71 holds in the following cases: 
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(1) In dimension 3, that is for n = 2. 

(2) In dimension 5, that is for n = 3. 

(3) For /(z) = Zg° + • • ■ + z°", BP polynomials. 

(4) For f (z) = Zq° + zqzI 1 + z^ 2 H h z n -iz% n , OR polynomials. 

It is also known to hold for certain complete intersections given by generalized 
Brieskorn polynomials |Ran75j . 

Evan Thomas wrote a computer program for Kris and I that computes b n -\ 
according to Equation [25] and the diS according to Equation l28l We have made use 
of this program previously in [BG05, BG08]. as well as in the present work for the 
cases where Orlik's Conjecture is known to hold. 

4. Sasakian Geometry in Low Dimensions 

In this section we mainly discuss Sasakian geometry in the three lowest dimen- 
sions, 3,5, and 7. We have a fairly complete understanding of Sasakian geometry 
in dimension 3 thanks to the work of Geiges |Gei97j and Belgun jBelOlj . while the 
work of Kollar [Kol07, Ko l05] as well as Kris, myself, and collaborators |BG01[ 
IBGN03al lBGN03bl lBGN02bl IBG051 IBG06a| have show that S asakian geometry in 
dimension 5 is quite tractable. With the exception of spheres L BGK05, IBGKT05] 
much less is known for dimension 7 and higher. Nevertheless, dimension 7 is of 
interest for several reasons, not the least of which is its connection to physics. 

4.1. Sasakian Geometry in Dimension 3. The topology of compact 3- manifolds 
has been at the forefront of mathematical research for some time now. Even after 
Perelman's proof of the Poincare conjecture and Thurston's geometrization conjec- 
ture, there still remains much to be done. Much recent work has focused on contact 
topology. The reader is referred to the books |ABK + 94j IOS04] as well as the more 
recent |Gei08] for a more thorough treatment of this important topic. I am far 
from an expert in this area, and here my intent is simply to provide a brief review 
as it relates to 3-dimensional Sasakian geometry. A well-known theorem of Mar- 
tinet says that every compact orientable 3-manifold admits a contact structure, and 
Eliashberg (Eh89, Eli92] set out to classify them. In particular, he divided contact 
structures on 3-manifolds into two types, overtwisted and tight contact structures. 
He classified the overtwisted structures in |Eli89j and in |Eli92j proved that there 
is precisely one (the standard one) tight contact on S 3 up to isotopy. Moreover, 
Gromov |Gro85| . with more details provided by Eliashberg |Eli90| . proved that a 
symplectically fillablc0 contact structure is tight, and that a holomorphically tillable 
contact structure is symplectically tillable. In dimension 3 holomorphic fillability 
and Stein fillability coincide. Furthermore, by Theorem 13.21 a contact structure of 
Sasaki type on a 3-manifold is Stein tillable; thus, we have the following nested 
types of tight contact structures: 



{Sasaki type} C {Stein tillable} C {Symplectically tillable} C Tight 



Here by symplectically fillable we mean weak symplectically fillable. It is known that 
there are two distinct types of symplcctic fillability, weak and strong with a proper inclusion 
{strongly symplectically fillable} C {weakly symplectically fillable}; however, the difference is not 
important to us at this stage. 
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Generally, as indicated all of the above inclusions are proper. One question of 
much interest concerns the different types of contact structures that can occur on 
a given 3-manifold. It appears that overtwisted contact structures are ubiquitous, 
and they are never of Sasaki type, so we shall restrict our discussion to tight contact 
structures. 

In constrast to arbitrary contact structures, Geiges |Gei97j showed that Sasakian 
structures in dimension 3 can only occur on 3 of the 8 model geometries of Thurston, 
namely 

(1) S^/T with T c 3somo(S a ) = 50(4). 

(2) SX(2,M)/r, where SL(2,R) is the universal cover of SX(2,R) and T C 
3som {SL(2,R)). 

(3) Nil 3 /r with T c 3som (Nil 3 ). 

Here T is a discrete subgroup of the connected component 3somo of the correspond- 
ing isometry group with respect to a 'natural metric', and Nil 3 denotes the 3 by 
3 nilpotent real matrices, otherwise known as the Heisenbcrg group. Then Belgun 
[BelOlj gave a type of uniformization result. Here we give this in the form presented 
in [BG08] in terms of the so-called <I>-sectional curvature K(X, $X): 

Theorem 4.1. Let M be a 3- dimensional oriented compact manifold admitting a 
Sasakian structure S = (£, i], $, g). Then 

(1) If S is positive, M is spherical, and there is a Sasakian metric of constant 
^-sectional curvature 1 in the same isotopy class as S. 

(2) IfS is negative, M is of SLi type, and there is a Sasakian metric of constant 
^-sectional curvature —4 in the same isotopy class as S. 

(3) IfS is null, M is a nilmanifold, and there is a Sasakian metric of constant 
^-sectional curvature —3 in the same isotopy class as S. 

This theorem has an important corollary which is certainly not true in higher 
dimension. 

Corollary 4.2. Let M be a oriented compact 3-manifold. Then, up to isomor- 
phism, M admits at most one isotopy class of contact structures of Sasaki type. 

Proof. The three types given in Theorem 14.11 are actually topologically distinct. 
So if 5 and S' are two Sasakian structures on M, they must be of the same type. 
Thus, by Thcorcm l4. li the Sasakian structures S and S' are both of the same type 
and isotopic to one of constant ^-sectional curvature either 1, —3 or —4. But by a 
theorem of Tanno |Tan69| , such structures are unique up to isomorphism. □ 

In constrast to this result there can be many isotopy classes of tight contact 
structures on 3-manifolds }CGH08j . depending on the manifold. However, there 
are cases where there is only one, most notably the following theorem of Eliashberg 
[Eh92] : 

Theorem 4.3 (Eliashberg). Every tight contact structure on S 3, is isotopic to the 
standard contact structure, which is of Sasaki type. 

Subsequently, there was much further development along these lines by Giroux 
[Gir00| IGirOlj and Honda [HonOOa) [HonOObJ . What is most relevant to us is that 
they determined the number of isotopy classes of tight contact structures on the 
total space of circle bundles over Ricmann surfaces that are transverse to the fibres. 
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By Theorem 12.91 we know that when the bundle is non-trivial at least one of these 
tight contact structures is of Sasaki type. However, Eliashberg |Eli92j noticed 
the following Bcnnequin-typc inequality: Let £ °-> M be an embedded compact 
Riemann surface of genus g in a tight contact manifold M. Then 

'0 ifS = S' 2 ; 

< 2g — 2 otherwise. 



(29) |ci(D)([S])| = 



This implies that there is only a finite number of classes in H 2 (M, Z) that can 
represent c\(T>) for tight contact structures on M. But Sasakian structures must 
have ci(D) = 0, since i? 2 (E, Z) = Z. However, even fixing ci(D) = 0, there can be 
many tight contact structures. 

Consider the lens space L(p 7 q), with p > q > and gcd(p, q) = 1. Generally, 
all lens spaces L(p, q) admit Sasakian structures, but only one isotopy class can be 
of Sasaki type. However, Giroux [GirOOj and Honda |Hon00a| independently have 
shown that for general p and q there are more tight contact structures. Write — ^ 
as a continued fraction: 

P 1 



q ri — r- 

ro — 

r k 

with all ri < —1. Then we have the following classification theorem for tight contact 
structures on lens spaces L(p, q). 

Theorem 4.4 (Giroux, Honda). There exist exactly |(ro + l)(»"i + 1) • • • (rk + 1) 
tight contact structures on the lens space L(j>, q) up to isotopy. Moreover, all these 
tight contact structures on L(p,q) are Stein fillable. 

So the lens space L(jo,p — 1) has a unique (up to co-orientation isotopy class 
of tight contact structures which is therefore of Sasaki type; however, L(p, 1) has 
p — 1 isotopy classes of tight contact structures, only one of which can be of Sasaki 
type. It turns out that tight contact structures of Sasaki type on lens spaces are 
precisely the ones called 'universally tight', that is their universal cover S 3 is also 
tight. Sec [GirOO, HonOOa . There has been much recent work on understanding the 
tight contact structures that can occur on Seifert fibered 3-manifolds (cf. [GLS071 
ILS071 [Mas07] and references therein). However, we are mainly interested in those 
of Sasaki type, and these must have the contact structure D transverse to the 
fibers of the Seifert fibration. This type of Seifert fibration has been studied in an 
unpublished work of Honda, and finalized in |LM04| where necessary and sufficient 
conditions on the orbit invariants are given to admit a contact structure transverse 
to the fibers. An equivalent result has recently been given by Massot |Mas07] 
who studies geodesible contact structures. It turns out that geodesible contact 
structures are either certain contact structures on certain torus bundles or contact 
structures which are transverse to a Seifert fibered structure. From the point of 
view of Sasakian structures, Theorem 8.1.14 of |BG08| implies that if the Sasakian 
structure is null or of negative type (i.e. types (2) or (3) of Theorem l4.1[) . then there 
is a unique Seifert fibered structure with D transverse. However, in the positive 
case with the dimension of the Sasaki cone greater than one, there are infinitely 
many Seifert fibered structures transverse to the same contact structure D. 

Consider Bricskorn polynomials of the form Zq° +z% 2 with cto , a\ , a-i pairwise 
relatively prime. By Brieskorn's Graph Theorem |Bri66j the link L(ao, &i, a-i) of 



■^Uniqueness for isotopy classes will always mean up to co-orientation. 
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such a polynomial is an integral homology sphere. All such homology spheres admit 
natural Sasakian structures. The homology spheres can be distinquished by their 
Casson invariant A(£(ao, Ox, 0,2)") which as shown by Fintushel and Stern |FS90] 
can be given in terms of the Hirzcbruch signature of the Milnor fiber V{clq, a±, a^), 
namely 

\ ( t ( \ x T(V(a ,a 1 ,a 2 )) 
A(L(a ,ai,a2)) = . 

L(ao, ax, 02) As shown by Brieskorn (cf. Section 9.4 of [BG08j ). the signature can be 
computed by a counting argument. As concrete examples, I consider L(6k — 1, 3, 2) 
which gives an infinite sequence of distinct integral homology spheres. It is easy to 
see that X(L(6k — 1, 3, 2)) = —k. The case k = 1 is the famous Poincare homology 
sphere, while k = 2 gives 1/(11,3,2). I understand that it is folklore that there is 
exactly one isotopy class of tight contact structures on L(5, 3, 2), although I wasn't 
able to find the explicit statement in the literature. It was also shown by Ghiggini 
and Schoncnbcrgcr [GS03] that (up to co-orientation) there is exactly 1 isotopy 
class of tight contact structures on 1/(11,3,2) which must be of Sasaki type. One 
can also ask about the existence of tight contact structures on these homology 
spheres (or any other contact 3-manifold) with the orientation reversed, which we 
denote by — L(ao, ax, 0-2)- It is known that — L(5, 3,2) [EHOlj does not admit any 
tight contact structures, but that — £(11,3,2) |GS03| admits exactly one isotopy 
class of tight contact structures. More generally, given any quasi-smooth weighted 
homogeneous polynomial f(zo, Z\, z%), it is an interesting problem to classify the 
tight contact structures (up to isotopy) on both the corresponding link L r and its 
reversed oriented manifold —Lf. As far as I know this problem is still open. In 
contrast to dimension 3, in dimension 7 it is known [BGK05] that all homotopy 
spheres admit Sasakian, even Sasaki-Einstein structures for both orientations since 
both orientations can be represented by Brieskorn-Pham polynomials. 

4.2. Sasaki-Einstein Structures in Dimension 5. Most of what is known about 
Sasakian geometry in dimension 5 appears in Kris and my book [BG081. However, 
there arc some updates in [BGS08b and the Ph.D dissertations of my students 
|Cua08j and |Gom08| . The reason that dimension five is so amenable to analysis 
stems from Smale's seminal work |Sma62j on the classification of compact simply 
connected spin 5-manifolds. The non-spin case was later completed by Barden 
[Bar65j . but the spin case will suffice here. Smale's classification of all closed simply 
connected 5-manifolds that admit a spin structure is as follows. Any such manifolds 
must be of the form 

(30) M = fcMoo#M mi # • • • #M TO „ 

where M m = S 2 x S 3 , kM^ is the fc-fold connected sum of M m , m t is a positive 
integer with dividing m^+x and ra\ > 1, and where M m is S if m = 1, or 
a 5-manifold such that H2(M mi Z) = Z/m ® Z/m, otherwise. Here k 6 N and 
k = means that there is no factor at all. It will also be convenient to use 
the convention QM^ = S 5 , which is consistent with the fact that the sphere is the 
identity clement for the connected sum operation. The to^s can range through the 
positive integers. The understanding of Sasakian geometry in dimension five owes 
much to the work of Kollar [Kol05, KolOG, K0IO8]. In particular, he has given a 
complete characterization of the torsion |Kol05j for smooth Seifert bundles over a 
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projective cyclic orbifold surface, namely 



(31) J ff 2 (A/,Z)=Z fe ®^(Z m J 2 ^), 



where g{D) denotes the genus of the branch divisor D. 

Here we reproduce a table in |BG08j that lists all simply connected spin 5- 
manifolds that can admit a Sasaki-Einstein metric. In the first column we list the 
type of manifold in terms of Smale's description (|30p . while in the second column 
we indicate the restrictions under which a Sasaki-Einstein structure is known to 
exist. Any Smale manifold that is not listed here cannot admit a Sasaki-Einstein 
metric. 



Manifold M 


Conditions for SE 


kMoo, k > 


any fc 


8A/ QO #M m , to > 2 


TO > 4 


7Afoo#M m , to > 2 


TO > 2 


6M 00 #M TO , to > 2 


TO > 2 


5A/ oc #Af m , to > 2 


TO > 11 


4A/oo#M m , to > 2 


TO > 4 


3Af oc #M m , to > 2 


to = 7, 9 or m > 10 


2M 00 #M m , to > 2 


TO > 11 


M oc #M m , to > 2 


TO > 11 


M m , TO > 2 


TO > 2 


2M S , 2M 4 , 4Af 3 , M oc #2Af 4 


yes 


fcMoc#2M 3 


fc = 


fcM oc #3M 3 , fc > 


fc = 


fcAT 00 #nA/ 2 , fc > 0, n > 


(k,n) = (0,1) or (l,n), n > 


kMoo#M m , k > 8, 2 < ?ti< 12 





Table 1. Simply connected spin 5-manifolds admitting Sasaki-Einstein 
metrics. The right column indicates the restriction that ensures that the 
manifold on the left carries a Sasaki-Einstein metric. 



We now present a table with examples of links Lf(w,d) which do not admit 
Sasaki-Einstein metrics. This table is taken from Tables 2 and 3 of |BGS08b] , We 
list the weight vector w and degree d for each link the range for its parameters 
together with the underlying manifold. Note that there arc infinitely many such 
Sasaki-Seifcrt structures on each of the manifolds listed. 
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Manifold M 


weight vector w 


d 


Mi 


(6, 2(62 + 1), 2(6/ + 1), 3(6/ + 1), / > 2 


6(6/ + 1) 


Mi 


(6, 2(6/ + 5), 2(6/ + 5), 3(6/ + 5)), / > 2 


6(6/ + 5) 


Mi 


(2,2/ + 1,2/ + 1,2/ + 1), I > 2 


2(2/ + 1) 


M™ 


(1,/,/,/), Z > 3 


21 


2Moo 


(3, 2(3/ + 1), 2(3/ + 1), 3(3/ + 1)), / > 2 


6(3/ + 1) 


2Moo 


(3, 2(3/ + 2), 2(3/ + 2), 3(3/ + 2)), / > 2 


6(3/ + 2) 




(1,2/, 2/, 3/), / > 3 


6/ 


6MOO 


(1,3/, 4/, 6/), / > 3 


12/ 


7Moo 


(1,4/ + 1,3/ + 1,2(3/ + 1)), / > 2 


4(3/ + 1) 


8A/00 


(1,6/, 10/, 15/), / > 3 


30/ 


(ft - lJMoo 


(l,2/,/fc,/fc), / > 2, ft > 3 


2lk 


4M 2 


(2, 6(2/ + 1), 10(2/ + 1), 15(2/ + 1)), / > 2 


30(2/ + 1) 


M 4 


(4,3(2/ + 1), 4(2/ + 1), 4(3/ + 1)), / > 5 


12(2/ + 1) 


2M 0O #M 2 


(2,3(2/ + 1), 4(2/ + 1), 6(2/ + 1)), / > 2 


12(2/ + 1) 


3M oc #M 2 


(2,2(4/ + 3),6/ + 5,2(6/ + 5)), I > 2 


4(6/ + 5) 



Table 2. Some examples of 5-dimensional links whose associated space 
of Sasakian structures, S(£), does not admit a Sasaki-Einstein metric. 



Most, but not all, the examples in Table 2 are of BP type. Many more examples 
can be obtained by considering the complete list of normal forms of weighted homo- 
geneous polynomials given by Yau and Yu |YY 05 . An interesting related question 
posed in |BGS08bj is (see also Question 11.4.1 of |BG08j ): 

Question 1. Are there positive Sasakian manifolds that admit no Sasaki- Einstein 
or extremal metrics? 

To end this section I will briefly comment on the case of toric Sasakian 5- 
manifolds of which there are many (see Section 10.4.1 of |BG08j ). For a somewhat 
more detailed description of toric Sasakian geometry, see Section [5] below. The 
5-dimensional case begins with the work of Oh |Oh83| who classified all simply 
connected 5-manifolds that admit an effective T 3 -action, and Yamazaki |Yam01j 
proved that all such toric 5-manifolds also admit compatible K-contact structures. 
Explicitly, all simply connected toric 5-manifolds arc diffcomorphic to S 5 ,kM OQ 
or Yoo#(A: — 1)M 00 , where k = i> 2 (M) > 1, that is they are precisely the simply 
connected 5-manifolds M 5 with no torsion in i? 2 (M 5 ,Z). Here Xoq is the non- 
trivial S^-bundle over S 2 . It follows by a result of Kris and me |BG00aj that all 
such toric 5-manifolds admit a compatible Sasakian structure. There are examples 
of inequivalent toric Sasakian structures that are equivalent as contact structures, 
and even with the same contact 1-form [BGO07J. Arguably the most important 
toric contact manifolds are those where there is a choice of contact 1-form with 
a compatible Sasaki-Einstein metric. Such examples were first uncovered by the 
physicists Gauntlett, Martelli, Sparks, and Waldram |GMSW04al IGMSW04b] . and 
further explored in [MS051 IMS061 IMSY06al IMSY06bj . One interesting aspect of 
such Sasaki-Einstein metrics is that in most cases the Sasakian structure is irregu- 
lar. The first such examples appeared in [GMSW04a j . The proof of the existence 
of toric Sasaki-Einstein metrics on the ft-fold connected sums kMoo = k(S 2 x S 3 ) 
was given m |FOW06j and |CFO08j and will be discussed in Section O 
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4.3. Sasaki-Einstein Structures in Dimension 7. The first examples of nonho- 
mogeneous Sasaki-Einstein metrics in dimension 7 were the 3-Sasakian metrics de- 
scribed in |BGM931 IBGM94] . A bit later Kris and I with Mann and Rees described 
quaternionic toricQ 3-Sasakian manifolds by symmetry reduction |BGMR98] , For a 
complete treatment see Chapter 13 of [BG08j as well as |BG99j . 

An effective method for constructing Sasaki-Einstein metrics in higher dimension 
is the join construction introduced in [BGOObj . This was then exploited by Kris and 
I to give examples of 7-manifolds with second Betti number in the range 4 < 62 < 9 
(see Theorem 5.4 of jBGOObj ). More recently, with L. Ornca, Kris and I |BGO07j 
were able to use this method to prove: 

Theorem 4.5. If gcd(f 2,1^2) = 1 then S 3 *i ± ,i 2 •S'w * s ^ e total space of the fibre 
bundle over S 2 with fibre the lens space L 5 ^), and it admits Sasaki-Einstein met- 
rics. In particular, for 16 different weight vectors w, the manifold S 3 *2.i <Sw * s 
homeomorphic to S 2 x S 5 and admits Sasaki- Einstein metrics including one 10- 
dimensional family. Moreover, for three different weight vectors w, the manifold 
S 3 S^, is homeomorphic to S 2 x S 5 and admits Sasaki- Einstein metrics. 

In [BG06bj Kris and I proved the existence of positive Ricci curvature Sasakian 
metrics on distinct diffeomorphism types of manifolds that are homeomorphic to 
2k(S 3 x S 4 ). In so doing we utilized the periodicity of certain branched covers due 
to Durfee and Kauffman |DK75j . These can be represented as links of the weighted 
homogeneous polynomials 

fi — z o ^ ' ^ + z i + + z 2 + z 3 + z \i 
where the diffeomorphism type is determined by i. It is easy to see that the index 
Ii(k) = 2ik + 3i + 1 > 4, so the Lichnerowicz obstruction of Proposition 13.51 holds. 
Thus, these Sasaki-Seifert structures do not admit Sasaki-Einstein metrics. More- 
over, until now the existence of Sasaki-Einstein metrics on manifolds homeomorphic 
to 2k(S 3 x S 4 ) was unknown. Recall that a well-known result (cf. |BG08j . Theo- 
rem 7.4.11) says that the odd Betti numbers of a Sasakian manifold must vanish 
up to the middle dimension. Thus, (2k + l)(S x S ) cannot admit any Sasakian 
structures. 

In June of 2007, while Kris was in Lecce and I was at CIMAT in Guanaju- 
ato, Mexico, we exchanged emails concerning the recent work of Cheltsov [Che07j 
and the implications that it has regarding 7-dimensional Sasaki-Einstein struc- 
tures. Cheltsov considers d-fold branch covers of certain weighted projective spaces 
branched over orbifold K3 surfaces of degree d. The orbifold K3 surfaces that 
Cheltsov uses come from the well-known list of 95 codimension one K3 surfaces 
of Miles Reid |Rei80j . This list is also repeated in [IFOO] as well as Appendix 
B of |BG08j . Of interest to Cheltsov and to us is the list given in |Che07j of 
anti-canonically embedded Q-Fano threefolds (this list appears in |IF00] as well) 
obtained from Reid's list by adding one more variable of weight one. That is one 
looks for hypcrsurfaccs Xd of degree d in weighted projective spaces of the form 
CP(1, u>i, W2, W3, W4) such that 5^t=i' lu « = ^ Cheltsov shows that remarkably all 
save four of the 95 Q-Fano 3-folds satisfy a kit condition, and so admit Kahler- 
Einstein orbifold metrics. The four that fail the test are numbers 1,2,4, and 5 on 

^This is 'toric' in the quaternionc sense and is to be distinquished from the usual toric definition. 
So a 3-Sasakian manifold of dimension 4n + 3 is 'toric' if it admits an effective T n + 1 -action of 
3-Sasakian automorphisms. 
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the lists in [Che07| and |IF00j . By the procedure described first in |BG01j and 
further elaborated upon in BG08], this means that one can construct 2-connected 
7-manifolds with Sasaki-Einstein metrics. Thus, there are 91 links representing 2- 
connected 7-manifolds with Sasaki-Einstein metrics. However, by Proposition 13.81 
Orlik's conjecture 13.71 is known to hold only for polynomials of BP or OR type. I 
have picked out 12 on Chcltsov's list that come from BP polynomials and 2 from 
OR polynomials. 

Theorem 4.6. There exist Sasaki-Einstein metrics on the 7-manifolds M which 
can be realized as d-fold branched covers of S 7 branched along the submanifolds 
k(S 2 x S 3 ). The precise Q-Fano threefolds, the homology of M"' ' , and k are listed 
in the following table: 



X d C CP(1, wi, w 2 , 1V3, w 4 ) 






X 6 C CP(1,1,1,1,3) 


Z 104 © Z 2 


21 


X s C CP(1,1,1,2,4) 


Z 12S © Z 4 


19 


X w CCP(1,1,2,2,5) 


Z ia » © (Z 2 ) 4 


16 


X 12 CCP(1,1,1,4,6) 


z: m 


20 


X 12 C CP(1,1,2,3,6) 


Z lfaU © Z12 


15 


X 12 C CP(1,1,3,4,4) 


Z iaj © (Z4) 2 


12 


X 12 CCP(1,2,3,3,4) 


Z 8U ©Z 3 © (Z 6 ) 2 


10 


X 17 c CP(1,2,3,5,7) 


Z ii2 ©Zi7 


8 


X 1S c CP(1,1,2,6,9) 


Z^ b © (Z 2 ) 2 


16 


X 19 c CP(1,3,4,5,7) 


Z yu © Z19 


6 


X 2Q c CP(1,1,4,5,10) 


z 2iB © z 5 


12 


X 24 C CP(1,1,3,8, 12) 


z au * © z 3 


14 


X 30 C CP(1, 2, 3, 10, 15) 


z^ © z 2 © z 6 


10 


X 42 c CP(1,1,6,14,21) 


Z 480 


12 



Other examples of 7-manifolds admitting Sasaki-Einstein metrics were given in 
Section 11.7.3 of [BG08| . For example, the links L(p,p,p,p,p) of Fermat hyper- 
surfaces with 2 < p < 4 are well known to admit Sasaki-Einstein metrics. These 
give the Stiefel manifold V^R 5 ) of 2-frames in R 5 for p = 2, and for p = 3, 4 they 
give 2-connected 7-manifolds M 7 with homology H 3 (M 7 , Z) equal to Z 10 ©Z3, and 
Z 60 ©Z4 for p = 3 and 4, respectively. We also consider 4m-fold branched covers of 
Fermat hypersurfaces represented by the BP polynomial / ~ z 4 " 1 + z\ + z\ + z\ + z\. 
It is easy to see that the conditions of Equation[22]arc satisfied when m > 4, so these 
links L(4m, 4, 4, 4, 4) admit Sasaki-Einstein metrics. The corresponding 7-manifolds 
appear to have homology H^^M^, Z) = Z 60 ©Z4 m © (Z m ) 20 . I have not proven 
this expression rigorously, but we have checked it on our computer program to be 
correct for over 10 cases. Notice that, as with the Cheltsov examples, these are 
all ci-fold branched covers of S 7 branched over k(S 2 x S 3 ), with k = 21 here. It is 
interesting to note that the kit estimates of |BGK05| and those of Cheltsov appear 
to be complimentary in nature. 

Another approach to Sasaki-Einstein structures on 7-manifolds would entail a 
systematic study of the S 1 orbibundles over the 1936 Fano 4-folds found by Johnson 
and Kollar |JK01j that admit Kahlcr-Einstcin metrics. This has already been done 
for the case of rational homology 7-sphcres in |BGN02a] , Kris and I had planned 
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a systematic study of Sasaki-Einstein 7-manifolds; however, in contrast to the case 
of 5-manifolds, this is not so straightforward. First, in dimension 7 there is no nice 
classification of 2-connccted 7-manifolds such as the Smale-Bardcn classification of 
simply connected 5-manifolds. Second the realization of 7-manifolds in terms of 
links of weighted homogeneous hypersurfaces has so far yielded few results for the 
torsion-free case. Indeed, the only cases where Sasaki-Einstein metrics are known 
to exist on 7-manifolds of the form 2k(S 3 x S ) are the two announced in Theorem 
SUabove, namely 222(S" 3 x S 4 ) and 480(S* 3 x S 4 ). Third, the veracity of the Orlik 
Conjecture 13.71 is still in doubt for general weighted homogeneous polynomials in 
the 7-dimensional case. 

Example 4.7. Moduli of Sasaki-Einstein metrics. Consider the link Lf(w, d) of the 
Brieskorn-Pham polynomial / = f 12(20, Zi, z^ ) + z\ + z\ of degree d = 12 and weight 
vector w = (1, 1, 1, 4, 6). Here /12 is a nondegenerate polynomial of degree 12 in the 
specified variables. By Cheltsov's results this is one of the examples referred to in 
Theorem 14.61 and it is homeomorphic to 222(S' 3 x S A ). According to Theorem 5.5.7 
of [BG08j the number of moduli equals 

2(/i°(CP(w), 0(12)) - /i°(CP(w), 0(w l ))) = 2(184 - 51) = 266. 

i 

So for some (as yet undetermined) diffeomorphism class on 222(S 3 x S 4 ), there 
exists a Sasaki-Einstein metric depending on 266 parameters. 

5. Toric Sasakian Geometry 

It seems to have first been noticed in |BM93) that toric contact manifolds split 
into two types exhibiting strikingly different behavior. Assuming dim M > 3 there 
are those where the torus action is free which are essentially torus bundles over 
spheres, and those where the torus action is not free. It is only these later that 
display the familiar convexity properties characteristic of symplectic toric geometry. 
A complete classification was given by Lerman |Ler02aj . Moreover, it was proven a 
bit earlier by Kris and me [BGOOaj that toric contact structures of the second type 
all admit compatible Sasakian metrics, and so are Sasakian. I shall only consider 
this type of toric contact manifold in what follows. We had dubbed these contact 
toric structures of Reeb type since they are characterized by the fact that the Reeb 
vector field lies in the Lie algebra of the torus. We also say that the action is of 
Reeb type. Before embarking on the toric case let us consider the case of a compact 
Sasakian manifold M 2n+1 with the action of a torus T k of dimension 1 < k < n + 1. 
This action is automatically of Reeb type. The toric case is k — n + 1. I refer to 
Section 8.4 of [BG08] and references therein for details and further discussion. 

5.1. The Moment Cone. Let D° be the annihilator of D in T*M. This is a 
real line bundle called the contact line bundle, and a choice of contact 1-form rj 
gives a trivialization of D° as well as giving an orientation of T)° which splits 
D° as Dj_ U D°_. Given an action of a k-torus T k of Reeb type on M, one has a 

moment map fi : D°. >tji, where t£ denotes the dual of the Lie algebra of T k , 

and denotes the positive part of D°. The image /z(2)^J_) is a convex rational 
polyhedral cone (without the cone point) in i* k and coincides with the image of the 
symplectic moment map from the Kahlcr cone C(M) with symplectic form d(r 2 rj) 
for any choice of contact form 77. Adding the cone point we get the moment cone 
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C(/i) = /i(D+) U {0}. Note that a choice of contact form is a section of D+, and for 
any T fc -invariant section 77, the moment cone can be realized as 

(32) Cfa) = {r 7 e i* k \ 7 G Hr,{M) , t G [0, 00)} - 

The dual cone C(/j,)* is the set of all r £ t& such that (r, 7) > for all 7 € C(fi); 
so its interior is precisely the Sasaki cone tt. Alternatively, the moment cone C(/z) 
can be described by 

(33) C(ji) = {ye t* k I k(y) = (y, A,} > 0, i = l,... d}, 

where the Xi are vectors spanning the integral lattice 1 T k = kerjexp : t/b >T k }, 

and d is the number of facets (codimension one faces) of C(/i). A choice of contact 
form r) whose Reeb vector field lies in t£ cuts C(/j) by a hyperplane, called the 
characteristic hyperplane [BGOOal , giving a simple polytope. 

We now specialize to the toric case when k = n + 1 for which I follow [MSY06a, 
IFOW06j . This uses a well-known procedure of Guillemin |Gui94| which constructs 
natural toric Kahler metrics on compact toric Kahler manifolds arising from Dclzant's 
combinatorical description. This construction works equally well for both toric 
Kahler cones and toric Kahler orbifolds [AbrOl] , and hence toric Sasakian struc- 
tures as shown in [MSYOGa (see also Theorem 8.5.11 of [B G08] ). Given a toric 
contact structure of Reeb type one can obtain a 'canonical Sasakian structure' 
from a potential G as follows. Let us also define 

d 

(34) h{y) = M, ioo = J2(y,\)- 

i=l 

Then for each ^ in the Sasaki cone t^ +1 we have a potential: 

1 d 1 1 

(35) G 4 = - ^2 h{y) log U(y) + log/ e (y) - -l 00 {y)logl 00 (y). 

i=l 

The Kahler cone metric gc(M) °f Equation p3[) can then be computed from this 
potential Abr03, MSYOGa in the so-called symplectic coordinates, viz. 

(36) 9c(M) = *y]((G$)jjdyjdyj + dfadfa) , 

id 

where 

(37) (G& 



dyidyj 

and G^ denotes the inverse matrix of C?y . Here the coordinates fa are coordinates 
on the torus T n+1 , and the vector field given by £ = X^ILo^af - with constants 
restricts to the Reeb vector field of a Sasakian structure on the manifold M. 

We now want to impose the condition ci(D) = as an integral clasfl From 
Remark l3.4l we see that this implies the existence of a nowhere vanishing holomor- 
phic section f2 of A n+1 '°T*C(M). Notice that O is not unique, but defined up to a 



^Everything goes through with the weaker condition that ci(B)h = 0, since this is all that 
is required to obtain the condition ci(5j) = a[d,T]]g. Indeed, it is this more general case that is 
treated in |FOW06| . In this case the form Q is not a section of the canonical line bundle on C(M), 
but rather some power of it. But we impose the stronger condition for ease of exposition as the 
generalization is straightforward. 
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nowhere vanishing holomorphic function on C(M). This function can be chosen so 
that 

(38) = i(n + 1)Q. 

The Ricci form pc of the cone C (M) can be computed from the Legendre transform 
F of the potential G. The Kahler potential on C(M) is 

BC 

(39) F = Y^ yi —-G. 

and then the Ricci form becomes 

(40) pc — —idd log det , 
where 

OF _ dG 

13 dxidxj ' 1 dyi 

So imposing the condition ci(TG(M)) = ci(D) = 0, implies that there are constants 
7o, . . . , 7n and a basic function /i such that 



(41) log det Fy =~2J2 



liXi 



This makes the Hermitian metric e det the flat metric on the canonical line 
bundle K c ^ M y Then one can find complex coordinates z = (z , . . . , z n ) such that 
the holomorphic (n + l)-form Q takes the form 

(42) ft = e-^'dzo A • • • A dz n 

where 7 = (70, . . . , 7„) is a primitive element of the integral lattice which by explic- 
itly computing in terms of the potential G^ one sees that 7 is uniquely determined 
by the moment cone C(p) as 

(43) (A 3 -,7) = -l, j = l,-..d. 

Then using Equation ([3"5]) one finds that the Reeb vector field £ should satisfy 

(44) &7> = -(»+!)■ 

This cuts the Sasaki cone k(D, J) by a hyperplane giving a convex polytope in 
S c k(D, J). Martelli, Sparks, and Yau |MSY06bj (see also |Spa08| ) showed that, 
assuming existence, a Sasaki-Einstein metric is the unique critical point of the 
restriction of the volume functional to E. Explicitly, we consider the functional 
V : £ >R+ defined by 



(45) V(0 = / dvol(5). 

By the convexity of S, there is a unique critical point of V, and Futaki, Ono, and 
Wang proved that this unique minimum £0 has vanishing Sasaki-Futaki invariant 
Equation (fl"6|) . (this was shown in the quasi- regular case in |MSY06b] ). 
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5.2. The Monge- Ampere Equation. The Sasaki-Futaki invariant 6^ only de- 
pends on the deformation class S(£, J) and not on any particular Sasakian structure 
S £ S(£, J) |BGS08a] , However, its vanishing is only a necessary condition for the 
existence of a Sasaki-Einstein metric. In order to give a sufficient condition, one 
needs to find a global solution (i.e. for all t £ [0, 1]) of the a well-known Mongc- 
Ampcre problem. This was done by Futaki, Ono, and Wang [FOW06) in the toric 
case discussed above when ci(D) = 0, and cf (3^) is positive. The latter conditions 
imply that cf (3^) = -^[dr^B with a positive. Their result is the Sasaki analogue 
of a result of Wang and Zhu [WZ04| who proved the existence of Kahler-Ricci 
solitons on any compact toric Fano manifold together with uniqueness up to holo- 
morphic automorphisms, and then proved that a Kahler-Ricci soliton becomes a 
Kahlcr-Einstcin metric if and only if the Futaki invariant vanishes. However, in the 
Sasakian case there is some more freedom by deforming within the Sasaki cone. As 
in the Kahler case, Futaki, Ono, and Wang consider "Sasaki- Ricci solitons" . 

Definition 5.1. A Sasaki-Ricci soliton is a Sasakian structure S = (t;,r],<$>, g) 
that satisfies 

p — 2ndr] = £xdr) 
for some X £ J), and where p is the Ricci form of g. 

Then we say that S = (£,77, $,<?) is a Sasaki-Ricci soliton with respect to X. 
Note that if also £xdr\ = 0, a Sasaki-Ricci soliton is a Sasaki-Einstein structure. 
In particular, this holds if X £ aut(5). 

Now cf(3 r ^) = a[drf\B implies the existence of a basic function h such that 

(46) p = (a - 2)dr] + d B d c B h. 

In analogy with the Kahlerian case studied by Tian and Zhu |TZ02j . Futaki, Ono, 
and Wang introduce a generalized Sasaki-Futaki invariant as follows: Given a non- 
trivial transversely holomorphic vector field X, the transverse Hodge Theorem gau- 
rentees the existence of a smooth basic complex- valued function 6x on M, called a 
holomorphy potential, satisfying the two equations 

(47) Xjd V = ^-d8 x , I e x e h V A(d V ) n = 0. 
Then the generalized Sasaki-Futaki invariant is 

(48) 3<&x(v) = - [ 8ue 8x v A {dr,) n . 

J M 

The invariant $<&x obstructs the existence of Sasaki-Ricci solitons in the same 
way that the Sasaki-Futaki invariant 6# obstructs the existence of Sasaki-Einstein 
metrics. Indeed, when X = it reduces to the Sasaki-Futaki invariant Note 
that if S = (£, 77, $, g) is a Sasaki-Ricci solition, then Ox = h+cior some constant c, 
and then $®x{v) = for all v £ f)(£, J). As in |TZ02j one can see that there exists 
an A £ [)(£, J) such that $<8x vanishes on the reductive subalgebra of fj(£, J). 

The existence of Sasaki-Ricci solitons then boils down to proving the existence 
of solutions for all t £ [0, 1] to the Monge- Ampere equation: 

detfo^ + tpa) 

(49) , / r r\ = exp(-t(2m + 2)y - 6 X - Xip + h). 
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By the continuity method this amounts to finding a C° estimate for the function 
(f. The proof is quite technical, to which I refer to Section 7 of FOW06J. I rcphasc 
this important result of [FOW06| as 

Theorem 5.2. Let (M, D) be a compact toric contact manifold of Reeb type with 
ci(D) = 0. Then there exists a Sasakian structure S = (£,f],<&,g) in the Sasaki 
cone k(D, J) such that g is a Sasaki-Einstein metric. 

As an immediate application of this theorem we have: 

Example 5.3. Let N k denote CP™ blown-up at k generic points, where k = 
1, ... ,n, so that N k = CP' l #fcCP™. The Lie algebra t)(N k ) of infinitesimal auto- 
morphisms of the complex structure is not reductive, so N k does not admit Kahler- 
Einstein metrics. Let M^ n+1 denote the total space of the unit sphere bundle in the 
anti-canonical line bundle . This has a naturally induced toric Sasakian struc- 
ture, but does not admit a Sasaki-Einstein metric. However, by Theorem 15. 21 there 
is a Reeb vector field £ within the Sasaki cone k(D,J) whose associated Sasakian 
structure is Sasaki-Einstein. Generically, such Sasaki-Einstein structures will be 
irregular as seen in |GMSW04b] . 
In dimension 5 one has |CFO08j 

Corollary 5.4. For each positive integer k the manifolds k(S 2 x S 3 ) admit infinite 
families of toric Sasaki-Einstein structures. 

In |CFO08j the Sasakian analogue of a the well-known uniqueness result of Bando 
and Mabuchi [BM87] for Fano manifolds was proven. Explicitly, Cho, Futaki, and 
Ono prove that if Ci(D) = and cf (£Ff) > 0, then a Sasaki-Einstein metric is 
unique up to transverse holomorphic transformations. However, there is another 
uniqueness question that was posed in |BG08j as Conjecture 11.1.18. This conjec- 
tures that Sasaki-Einstein metrics can occur for at most one Reeb vector field in 
the Sasaki cone. 

If one replaces Sasaki-Einstein by Sasaki-Ricci soliton, then the conjecture does 
not hold as seen by considering the circle bundle M 2n+1 over CP" +1 #CP n+1 defined 
by the primitive cohomology class of its anti-canonical line bundle. Now the base is 
toric so the manifold M 2n+1 is a toric contact manifold with a compatible Sasakian 
structure Sq. Moreover, it is well-known that CP" +1 #CP ra+1 does not admit a 
Kahler-Einstein metric. Thus by Theorem 15. 2i there is another Reeb vector field 
£ on M 2n+1 whose Sasakian structure S = (£, ry, $>,g) is Sasaki-Einstein. But 
according to Tian and Zhu |TZ02j CP ,l+1 #CP n+1 admits a unique Kahler-Ricci 
soliton. Hence, the circle bundle M 2n+1 admits a Sasaki-Ricci soliton which can be 
taken as the Sasakian structure iSo = (£o? 7 ?Oi 3>OiSo)- So the toric contact manifold 
(M 2n+1 , D, T n+1 ) admits two distinct Sasaki-Ricci solitions one of which is Sasaki- 
Einstein. 

Dropping the condition c\(T>) one can ask whether Theorem 15.21 holds with 
Sasaki-Einstein being replaced by constant scalar curvature, or perhaps more gen- 
erally, a strongly extremal Sasakian structure. This is currently under study. 

5.3. Towards a Classification of Toric Sasaki-Einstein Structures. By com- 
bining the Existence Theorem l5.2l of Futaki, Ono, and Wang with the Delzant type 
theorem of Lerman Ler02b], it is possible to give a classification of toric Sasaki- 
Einstein structures along the lines that was done for toric 3-Sasakian structures 
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jBGMR98| lBie99] (see Section 7 of Chapter 13 in |BG08j ). This also has the ad- 
vantage of giving an explicit description in terms of matrices. 

Consider the symplcctic reduction of C" (or equivalently the Sasakian reduction 
of S 2n ~ l ) by a fc-dimensional torus T k . Every complex representation of T k on C ra 
can be described by an exact sequence 

q _jl j rpn ^rj-in—k >q 

The monomorphism fa can be represented by the diagonal matrix 



fa{n, . • • , r fc ) = diag J| 1 , . . . , J" 



k k 
i=l i=l 



where (ri,..,rjb) G S 1 x • • • x S 1 = T k are the complex coordinates on T k , and 
a l Q e Z are the coefficients of the integral weight matrix f2 E Mfc jrl (Z), where 
^-k,n(R) denotes the space of fc x n matrices over the commutative ring R. The 
following proposition was given in [BG08j : 

Proposition 5.5. Let X(fl) = (C™ \ 0)//T k (fl) denote the Kdhler quotient of the 
standard flat Kdhler structure on (C™ \ 0) by the weighted Hamiltonian T k -action 
with an integer weight matrix Q. Consider the Kdhler moment map 

n 

(50) ^(z) = Y,<\z a \ 2 , i=l,...,k. 

a=l 

If all minor k x fc determinants of O are non-zero then there is a choice of such 
that X(fl) = C(Y(fl)) is a cone on a compact Sasakian orbifold Y(Q) of dimension 
2(n — fc) — 1 which is the Sasakian reduction of the standard Sasakian structure 
on S 2n ~ l . In addition, the projectivization of X(Q) defined by Z(fl) = X(fl)/<C* 
is a Kdhler reduction of the complex projective space CP" -1 by a Hamiltonian T k - 
action defined by Q and it is the transverse space of the Sasakian structure on Y (f2) 
induced by the quotient. If 

(51) XX =0 > Vi = l,...,A 

then ci(X(Q)) = ci(T>) = 0. In particular, the orbibundle Y(fl) — >Z(Q) is anti- 
canonical. Moreover, the cone C(Y(Q)), its Sasakian base Y(fl), and the transverse 
space Z(Q) are all toric orbifolds. 

Of particular interest are the conditions under which the orbifold Y(Q) is a 
smooth manifold. A complete study of this classification is currently in progress. 
The special case n = 4 and fc = 1 gives all toric Sasaki-Einstein structures on 
S 2 x S 3 . A subset of these was considered first in [GMSW04b] giving the first 
examples of irregular Sasaki-Einstein structures. The general case was described 
independently in |MS05[ ICLPP05] . A completely different approach to toric Sasaki- 
Einstein geometry was given in |vC06[ lvC07j . 
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